Betti numbers of Bresinsky's curves in $\mathbb{A}^{4}$ by Mehta, Ranjana et al.
ar
X
iv
:1
80
1.
03
05
4v
4 
 [m
ath
.A
C]
  1
0 J
an
 20
19
BETTI NUMBERS OF BRESINSKY’S CURVES IN A4
RANJANA MEHTA, JOYDIP SAHA, AND INDRANATH SENGUPTA
ABSTRACT. Bresinsky defined a class of monomial curves in A4 with
the property that the minimal number of generators or the first Betti num-
ber of the defining ideal is unbounded above. We prove that the same be-
haviour of unboundedness is true for all the Betti numbers and construct
an explicit minimal free resolution for the defining ideal of this class of
curves.
1. BRESINSKY’S EXAMPLES
Let r ≥ 3 and n1, . . . , nr be positive integers with gcd(n1, . . . , nr) = 1.
Let us assume that the numbers n1, . . . , nr generate the numerical semi-
group
Γ(n1, . . . , nr) = {
r∑
j=1
zjnj | zj nonnegative integers}
minimally, that is if ni =
∑r
j=1 zjnj for some non-negative integers zj ,
then zj = 0 for all j 6= i and zi = 1. Let η : k[x1, . . . , xr] → k[t] be
the mapping defined by η(xi) = t
ni, 1 ≤ i ≤ r, where k is a field. Let
p(n1, . . . , nr) = ker(η). Let βi(p(n1, . . . , nr)) denote the i-th Betti number
of the ideal p(n1, . . . , nr). Therefore, β1(p(n1, . . . , nr)) denotes the min-
imal number of generators p(n1, . . . , nr). For a given r ≥ 3, let βi(r) =
sup(βi(p(n1, . . . , nr))), where sup is taken over all the sequences of pos-
itive integers n1, . . . , nr. Herzog [8] proved that β1(3) is 3 and it follows
easily that β2(3) is a finite integer as well. Bresinsky in [1], [2], [3], [4], [5],
extensively studied relations among the generators n1, . . . , nr of the numer-
ical semigroup defined by these integers. It was proved in [2] and [3] re-
spectively that, for r = 4 and for certain cases in r = 5, the symmetry con-
dition on the semigroup generated by n1, . . . , nr imposes an upper bound on
the first Betti number β1(p(n1, . . . , nr)). This remains an open question in
general whether symmetry condition on the numerical semigroup generated
by n1, . . . , nr imposes an upper bound on β1(p(n1, . . . , nr)). Bresinsky [1]
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constructed a class of monomial curves in A4 to prove that β1(4) = ∞.
He used this observation to prove that β1(r) = ∞, for every r ≥ 4. Our
aim in this article is to prove in Theorem 1.1 that for Bresinsky’s examples
βi(4) = ∞, for every 1 ≤ i ≤ 3 and also describe all the syzygies explicitly
in 2.2 and 3.1. A similar study has been carried out by J. Herzog and D.I.
Stamate in [9] and [12]. However, the objective and approach in our study
are quite different. The main theorem and underlying objective of our work
can be found after the description of Bresinsky’s examples.
Let us recall Bresinsky’s example of monomial curves in A4, as de-
fined in [1]. Let q2 ≥ 4 be even. q1 = q2 + 1, d1 = q2 − 1. Set
n1 = q1q2, n2 = q1d1, n3 = q1q2 + d1, n4 = q2d1. It is clear that
gcd(n1, n2, n3, n4) = 1. For the rest of the article let us use the short-
hand n to denote Bresinsky’s sequence of integers defined above. Bresin-
sky [1] proved that the set A = A1 ∪ A2 ∪ {g1, g2} generates the ideal
p(n1, . . . , n4), where A1 = {fµ|fµ = x
µ−1
1 x
q2−µ
3 − x
q2−µ
2 x
µ+1
4 , 1 ≤ µ ≤
q2}, A2 = {f |f = x
ν1
1 x
ν4
4 − x
µ2
2 x
µ3
3 , ν1, µ3 < d1} and g1 = x
d1
1 − x2
q2 ,
g2 = x3x4−x2x1. Let us first state the main theorems proved in this paper:
Theorem 1.1. Let S = A1∪A
′
2∪{g1, g2}, where A
′
2 = {hm | x
m
1 x
(q1−m)
4 −
x
(q2−m)
2 x
m
3 , 1 ≤ m ≤ q2 − 2}.
(i) S is a minimal generating set for the ideal p(n);
(ii) S is a Gro¨bner basis for p(n) with respect to the lexicographic mono-
mial order induced by x3 > x2 > x1 > x4 on k[x1, . . . , x4];
(iii) β1(p(n)) =| S |= 2q2;
(iv) β2(p(n)) = 4(q2 − 1);
(v) β3(p(n)) = 2q2 − 3.
(vi) A minimal free resolution for the ideal p(n) over the polynomial ring
R = K[x1, x2, x3, x4] is
0 −→ R2q2−3
P
−→ R4(q2−1)
N
−→ R2q2 −→ R −→ R/p(n) −→ 0,
where
P = [δ1 . . . δq2−2 | ξ | ζ | η | κ1 . . .κq2−4]4(q2−1)×2q2−3
N =
[
β1 . . .βq2−1 | γ
′
1 . . .γ
′
q2−3 | α
′
| β
′
2 . . .β
′
q2−2 | α1 . . .αq2−1 | −γ | β
′
| γ
′
]
2q2×4(q2−1)
.
The proof of the theorem is divided into various lemmas, theorems and
corollaries in sections 2, 3 and 4. We first prove that a special subset of
binomials form a minimal generating set as well as a Gro¨bner basis for the
ideal p(n) with respect to a suitable monomial order; see parts (i) and (ii)
of Theorem 1.1. We then compute the syzygy modules using this Gro¨bner
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basis explicitly and minimally in 2.2 and 3.1. We have not only computed
all the total Betti numbers but also have written a minimal free resolution
explicitly; see parts (iii) - (vi) in Theorem 1.1 and 3.2. However, in order to
determine the minimality of the first syzygy module, we have used the sec-
ond Betti number for these ideals calculated in [12]. It should be mentioned
here that a minimal generating set of binomials for p(n) has also been cal-
culated in [9]. The authors have also computed a minimal standard basis in
[9] and that has been used to calculate the Betti numbers in [12]. While the
description of the tangent cone in [9] has been used to compute the Betti
numbers in [12], we on the other hand have imitated Bresinsky’s approach
and studied the generators of the ideal p(n) and its syzygies, leading to a
complete description of a minimal free resolution of the defining ideal.
This work grew out in an attempt to understand and generalize Bresin-
sky’s construction of the numerical semigroups in arbitrary embedding di-
mension. What is certainly interesting is that n1 + n2 = n3 + n4, for the
sequence of integers n = (n1, n2, n3, n4) given by Bresinsky. We have
initiated a study of numerical semigroups defined by a sequence of inte-
gers formed by concatenation of two arithmetic sequences and we believe
that such semigroups with correct conditions would finally give us a good
model of numerical semigroups in arbitrary embedding dimension with un-
bounded Betti numbers; see [10], [11].
2. THE FIRST AND THE SECOND BETTI NUMBERS
A minimal generating set for the ideal p(n) has also been constructed in
[9]. Our construction differs from that in [9] in one binomial. The main
idea is to identify the set A′2 ⊂ A2, defined in the statement of 1.1, in order
to extract a minimal generating set out of the generating set constructed by
Bresinsky [1]. One can show that set S = A1 ∪ {g1, g2} ∪ A
′
2 is a minimal
generating for the ideal p(n). Therefore, β1(p(n)) =| S |= 2q2.
What is really interesting is that the set S, minimaly generating the ideal
p(n) is also a Gro¨bner basis. Therefore, the Schreyer tuples generate the
syzygy module. The following theorem proves these facts and finally we
calculate the second Betti number by extracting a minimal generating set
for the syzygy module.
Theorem 2.1. Consider the lexicographic monomial order induced by x3 >
x2 > x1 > x4 in k[x1, x2, x3, x4]. Then,
(i) The set S forms Gro¨bner basis for the ideal p(n) with respect to the
above monomial order.
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(ii) Let D denote the set of all Schreyer tuples obtained from the Gro¨bner
basis S, which generate the first syzygy module (see Theorem 1.43
[7]). Then each entry in the elements of D is either a non-constant
polynomial or zero.
Proof. We first order the set S = A1 ∪ {g1, g2} ∪A
′
2 as follows:
(f1, . . . , fq2, g1, g2, h1, . . . , hq2−2).
Let f, g ∈ S. We consider the S-polynomials S(f, g) and divide the proof
into cases based on the sets f and g belonging to.
Case 1. f , g ∈ A1.
1(a). f = fµ, g = fµ+1 where, 1 ≤ µ ≤ q2 − 1. We have
S(fµ, fµ+1) = x1 · fµ − x3 · fµ+1
= (xq2−1−µ2 x
µ+1
4 ) · g2 −→S 0.
Therefore, the set
T1 = {βµ = (β(µ,1), · · · , β(µ,2q2)) | 1 ≤ µ ≤ q2 − 1}
gives the Schreyer tuples, where
β(µ,µ) = −x1;
β(µ,µ+1) = x3;
β(µ,q2+2) = x
q2−(µ+1)
2 x
µ+1
4 ;
β(µ,i) = 0, for i /∈ {µ, µ+ 1, q2 + 2}.
1(b). f = fµ, g = fµ′ where, µ
′ > µ+ 1. We have
S(fµ, fµ′) = x1
µ′−µ · fµ − x
µ′−µ
3 · fµ′
= xq2−µ
′
2 x
µ+1
4 ((x3x4)
µ′−µ−1 + (x3x4)
µ′−µ−2(x1x2) + · · ·+ (x1x2)
µ′−µ−1) · g2
−→S 0
Therefore, the set
T2 = {γµµ′ = (γ(µµ′,1), . . . , γ(µµ′,i), . . . , γ(µµ′,2q2))|1 ≤ µ ≤ q2−2, µ+2 ≤ µ
′ ≤ q2}
gives the Schreyer tuples, where
γ(µµ′,µ) = −x1
(µ′−µ);
γ(µµ′,µ′) = x3
(µ′−µ);
γ(µµ′,q2+2) = x
q2−µ
′
2 x
µ+1
4 ((x3x4)
µ′−µ−1 + (x3x4)
µ′−µ−2(x1x2) + · · ·+ (x1x2)
µ′−µ−1);
γ(µµ′,i) = 0 for i /∈ {µ, µ
′, (q2 + 2)}.
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Case 2. f ∈ A1, g ∈ {g1, g2}
2(a). Let f = fµ, g = g1, where 1 ≤ µ ≤ q2. We have
S(fµ, g1) = x
q2
2 · fµ + x
µ−1
1 x
q2−µ
3 · g1
= xq2−11 · fµ + x
q2−µ
2 x
µ+1
4 · g1 −→S 0
Therefore, the set
T3 = {γµ : γµ = (γ(µ,1), . . . , γ(µ,i), . . . , γ(µ,2q2)) | 1 ≤ µ ≤ q2 − 1}
gives us the Schreyer tuples, where
γ(µ,µ) = x
q2−1
1 − x
q2
2 ;
γ(µ,q2+1) = x
q2−µ
2 x
µ+1
4 − x
µ−1
1 x
q2−µ
3 ;
γ(µ, i) = 0, for i /∈ {µ, (q2 + 1)}, 1 ≤ i ≤ 2q2.
2(b). Let f = fµ, g = g2, where 1 ≤ µ ≤ q2 − 1. We have
S(fµ, g2) = x4 · fµ − x
µ−1
1 x
q2−(µ+1)
3 · g2
= x2 · fµ+1 −→S 0
Therefore, the set
T4 = {αµ = (α(µ,1), . . . , α(µ,i), . . . , α(µ,2q2)) | 1 ≤ µ ≤ q2 − 1}
gives the Schreyer tuples, where
α(µ,µ) = −x4;
α(µ,µ+1) = x2;
α(µ,q2+2) = x
µ−1
1 x
q2−(µ+1)
3 ;
α(µ,i) = 0, for i /∈ {µ, µ+ 1, (q2 + 2)}, 1 ≤ i ≤ 2q2.
2(c). Let f = fq2 , g = g2. We have
S(fq2, g2) = x3x4 · fq2 − x
q2−1
1 · g2
= x1x2 · fq2 − x
q2+1
4 · g2 −→S 0
Therefore, the set
T5 = {α = (α1, . . . , αi, . . . , α2q2)}
gives the Schreyer tuples, where
αq2 = x1x2 − x3x4;
α(q2+2) = x
q2−1
1 − x
q2+1
4 ;
αi = 0, for i /∈ {q2, (q2 + 2)}, 1 ≤ i ≤ 2q2.
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Case 3. Let f = g1, g = g2. We have
S(g1, g2) = −x3x4 · g1 − x
q2
2 · g2
= −x1x2 · g1 − x
q2−1
1 · g2 −→S 0
Therefore, the set
T6 = {β = (β1, . . . , βi, . . . , β2q2)}
gives the Schreyer tuples, where
βq2+1 = x3x4 − x1x2;
βq2+2 = x
q2
2 − x
q2−1
1 ;
βi = 0, for i /∈ {(q2 + 1), (q2 + 2)}, 1 ≤ i ≤ 2q2.
Case 4. f ∈ {g1, g2}, g ∈ A
′
2
.
4(a). Let f = g1, g = h1. We have
S(g1, h1) = −x3 · g1 + x2 · h1
= −x1 · fq2−1 −→S 0
Therefore, the set
T7 = {γ = (γ1, . . . , γi, . . . , γ2q2)}
gives us the Schreyer tuples, where
γq2−1 = −x1;
γq2+1 = x3;
γq2+3 = −x2;
γi = 0, for i /∈ {(q2 − 1), (q2 + 1), (q2 + 3)}.
4(b). Let f = g1, g = hm, with 1 < m ≤ (q2 − 2). We have
S(g1, hm) = −x3
m · g1 + x2
m · hm
= −x1
m · fq2−m −→S 0
Therefore, the set
T8 = {α
′
m = (α
′
(m,1), . . . , α
′
(m,i), . . . , α
′
(m,2q2)|1 < m ≤ q2 − 2}
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gives us the Schreyer tuples, where
α′(m,q2−m) = −x
m
1 ;
α′(m,q2+2) = x
m
3 ;
α′(m,q2+2+m) = −x
m
2 ;
α′(m,i) = 0, for i /∈ {q2 −m, q2 + 1, q2 + 2 +m}.
4(c). Let f = g2, g = h1. We have
S(g2, h1) = x
q2−1
2 · g2 + x4 · h1
= x1 · g1 − x1 · fq2 −→S 0
Therefore, the set
T9 = {α
′ = (α′1, . . . , α
′
i, . . . , α
′
2q2)}
gives us the Schreyer tuples, where
α′q2 = −x1;
α′(q2+1) = x1;
α′(q2+2) = −x
(q2−1)
2 ;
α′(q2+3) = −x4;
α′i = 0, for i /∈ {q2, q2 + 1, q2 + 2, q2 + 3}.
4(d). Let f = g2, g = hm, where 1 < m ≤ q2 − 2.We have
S(g2, hm) = x
q2−m
2 x
m−1
3 · g2 − x4 · hm
= −x1 · hm−1 −→S 0
Therefore, the set
T10 = {β
′
m = (β
′
(m,1), . . . , β
′
(m,i), . . . , β
′
(m,2q2)
)|1 < m ≤ q2 − 2)}
gives us the Schreyer tuples, where
β ′(m,q2+2) = x
q2−m
2 x
m−1
3 ;
β ′(m,q2+m+1) = −x1;
β ′(m,q2+2+m) = x4;
β ′(m,i) = 0, for i /∈ {(q2 + 2), (q2 +m+ 1), (q2 + 2 +m)}.
Case 5. f , g ∈ A
′
2
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5(a) Let f = hm and g = hm+1, where 1 ≤ m ≤ q2 − 3. We have
S(hm, hm+1) = −x3 · hm + x2 · hm+1
= xm1 x
q2−m
4 · g2 −→S 0
Therefore the set
T11 = {γ
′
m = (γ
′
(m,1), . . . , γ
′
(m,i), . . . , γ
′
(m,2q2)
) | 1 ≤ m ≤ q2 − 3}
gives us the Schreyer tuples, where
γ′(m,q2+2) = −x
m
1 x
q2−m
4 ;
γ′(m,q2+2+m) = x3;
γ′(m,q2+3+m) = −x2;
γ′(m,i) = 0, for i /∈ {q2 + 2, q2 +m+ 2, q2 +m+ 3}.
5(b). Let f = hm and g = hm′ wherem
′ > m+ 1.We have
S(hm, hm′) = −x
m′−m
2 · hm + x
m′−m
3 · hm′
= xm1 x
q2+1−m′
4 ((x3x4)
m′−m−1 + (x3x4)
m′−m−2(x1x2) + · · ·+ (x1x2)
m−m′−1) · g2
−→S 0
Therefore, the set
T12 = {α
′
mm′ = (α
′
(mm′,1), . . . , α
′
(mm′,i), . . . , α
′
(mm′,2q2)
) |1 ≤ m ≤ q2 − 4,
m+ 2 ≤ m′ ≤ q2 − 2}
gives the Schreyer tuples, where
α′(mm′,m) = x
m′−m
3 ;
α′(mm′,m′) = −x
m′−m
2 ;
α′(mm′,q2+2) = x
m
1 x
q2+1−m′
4 ((x3x4)
m′−m−1 + (x3x4)
m′−m−2(x1x2) + · · ·+ (x1x2)
m−m′−1);
α′(mm′,i) = 0, for i /∈ {m, m
′, q2 + 2}.
Case 6. f ∈ A and g ∈ A
′
2
6(a). Let f = f1, g = hq2−2.We have
S(f1, hq2−2) = x
2
2 · f1 + x3 · hq2−2
= xq2−21 x
2
4 · g2 + x2x
2
4 · g1 −→S 0
Therefore, the set
T13 = {β
′ = (β ′1, . . . , β
′
i, . . . , β
′
2q2
)}
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gives the Schreyer tuples, where
β ′1 = −x
2
2;
β ′(q2+1) = x2x
2
4;
β ′(q2+2) = x
q2−2
1 x
2
4;
β ′2q2 = −x3;
β ′i = 0, for i /∈ {1, (q2 + 1), (q2 + 2), 2q2}, 1 ≤ i ≤ 2q2.
6(b). Let f = f2, g = hq2−2.We have
S(f2, hq2−2) = x
2
2 · f2 + x1 · hq2−2
= x34 · g1 −→S 0
Therefore, the set
T14 = {γ
′ = (γ′1, . . . , γ
′
i, . . . , γ
′
2q2
)}
gives the Schreyer tuples, where
γ′2 = −x
2
2;
γ′(q2+1) = x
3
4;
γ′(2q2) = −x1;
γ′i = 0, for i /∈ {2, (q2 + 1), (2q2)}, 1 ≤ i ≤ 2q2.
6(c). Let f = fµ and g = hm, (µ,m) 6= (1, q2−2) and (µ,m) 6= (2, q2−2).
(i) µ+m < q2.We have
S(fµ, hm) = x
q2−m
2 · fµ + x
µ−1
1 x
q2−µ−m
3 · hm
= xq2+1−m4 · fµ+m − x
q2−µ−m
2 x
µ+1
4 · (fq2 − g1) −→S 0
Therefore, the set
T15 = {β
′
µm = (β
′
(µm,1), . . . , β
′
(µm,i), . . . , β
′
(µm,2q2)
) |1 ≤ µ ≤ q2 − 1,
1 ≤ m < q2 − µ}
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gives the Schreyer tuples, where
β ′(µm,µ) = −x
q2−m
2 ;
β ′(µm,µ+m) = x
q2+1−m
4 ;
β ′(µm,q2) = −x
q2−m−µ
2 x
µ+1
4 ;
β ′(µm,q2+1) = x
q2−m−µ
2 x
µ+1
4 ;
β ′(µm,q2+2+m) = −x
µ−1
1 x
q2−µ−m
3 ;
β ′(m,i) = 0, for i /∈ {µ, µ+m, q2, (q2 + 1), (q2 + 2 +m)}.
(ii) Let µ+m = q2.We have
S(fµ, hm) = x
q2−m
2 · fµ + x
µ−1
1 · hm
= xµ+14 · g1 −→S 0
Therefore, the set
T16 = {γ
′
µm = (γ
′
(µm,1), . . . , γ
′
(µm,i), . . . , γ
′
(µm,2q2)) | 1 ≤µ ≤ q2 − 1,
m = q2 − µ}
gives us the Schreyer tuples, where
γ′(µm,µ) = −x
q2−m
2 ;
γ′(µm,q2+1) = x
µ+1
4 ;
γ′(µm,2q2+2−µ) = −x
µ−1
1 ;
γ′(µm,i) = 0, for i /∈ {µ, (q2 + 1), (2q2 + 2− µ)}.
(iii) Let µ+m > q2.We have
S(fµ, hm) = x
q2−m
2 x
µ+m−q2
3 · fµ + x
µ−1
1 · hm
= xµ+14 · hµ+m−q2 + x
µ+m−q2
1 x
q2+1−m
4 · fq2 −→S 0
Therefore, the set
T17 = {α
′′
µm = (α
′′
(µm,1), . . . , α
′′
(µm,i), . . . , α
′′
(µm,2q2)
) |1 ≤ µ ≤ q2 − 1,
1 ≤ m < q2 − µ}
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gives us the Schreyer tuples, where
α′′(µm,µ) = −x
q2−m
2 x
µ+m−q2
3 ;
α′′(µm,q2) = x
µ+m−q2
1 x
q2+1−m
4 ;
α′′(µm,µ+m+2) = x
µ+1
4 ;
α′′(µm,q2+2+m) = −x
µ−1
1 ;
α′′(m,i) = 0, for i /∈ {µ, q2, (q2 + 2 +m), (µ+m+ 2)}.
The set D = ∪17i=1Ti gives us all the Schreyer tuples which form the gener-
ating set for the first syzygy module Syz(p(n)). 
Theorem 2.2. Let T = T1∪T4∪T7∪T9∪T10∪T11∪T13∪T14. LetM1 de-
note the first syzygy module Syz(p(n)). Then, the set T ⊂ M1/mM1 is lin-
early independent over the field R/m = k, where m = 〈x1, x2, x3, x4〉. The
set T is a minimal generating set for the first syzygy module and β2(p(n)) =
4(q2 − 1).
Proof. The moduleM1 is generated byD, thereforemM1 must be generated
by L = x1D∪ x2D∪ x3D∪ x4D. It follows from the construction of D that
each coordinate of elements ofL is either zero or a monomial of total degree
greater than one. Now, to show that T is linearly independent in the vector
spaceM1/mM1 over the fieldR/m = k, we consider the element v ∈ mM1
given by
v =
q2−1∑
µ=1
aµβµ +
q2−3∑
m=1
bmγ
′
m + c1α
′ +
q2−2∑
m=2
cmβ
′
m
+
q2−1∑
µ=1
dµαµ − l1γ + l2β
′ + l3γ
′
where aµ, bm, cm, dµ, lm ∈ k. The linear part in the first coordinate v1 is
a1(−x1) + d1(−x4). Each coordinate of elements of L being a monomial
of total degree greater than one or zero, we have a1(−x1) + d1(−x4) = 0,
that is a1 = d1 = 0. Now, the linear part in the i-th coordinate vi, for
1 < i < q2 − 1 is ai−1(x3) + ai(−x1) + di−1(x2) + di(−x4). Therefore by
the same argument we must have ai = di = 0, for 1 ≤ i < q2−1. Similarly,
the linear part in vq2+1 is c1(x1) + l1(−x3). Therefore, for similar reasons
we must have c1 = l1 = 0. We now compute linear part in vq2−1 and obtain
aq2−1(−x1)+dq2−1(−x4). Equating this to zero we obtain aq2−1 = dq2−1 =
0. It turns out that, v =
∑q2−3
m=1 bmγ
′
m +
∑q2−2
m=2 cmβ
′
m + l2β
′ + l3γ
′.
We now compute the linear part in vq2+3 and obtain b1x3 + c2(−x1).
Equating this to zero we get b1 = c2 = 0. The linear part in vq2+2+i, for
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1 < i ≤ q2 − 3, is bi−1(−x2) + bix3 + cix4 + ci+1(−x1). Therefore,
bi = ci = 0, for 1 < i < q2 − 2. Finally computing the linear part in v2q2
and equating that to zero we obtain
bq2−3(−x2) + cq2−2x4 + l2(−x3) + l3(−x1) = 0.
Therefore, bq2−3 = cq2−2 = l2 = l3 = 0. This proves that the set T ⊂
M1/mM1 is linearly independent. Therefore, T is a part of a minimal gen-
erating set for the first syzygies module, and cardinality of T is
(q2 − 1) + (q2 − 3) + (q2 − 2) + (q2 − 1) + 3 = 4(q2 − 1).
By Theorem 8.1 [12], the second betti number in the resolution of R/p(n)
is 4(q2 − 1), hence T is a minimal generating set for first syzygy module.
Therefore, β2(p(n)) =| T |= 4(q2 − 1). 
Theorem 2.3. β3(p(n)) = 2q2 − 3.
Proof. We know that R/p(n) ∼= k[tn1 , tn2, tn3 , tn4] is a one dimensional in-
tegral domain and therefore depth(R/p(n)) = 1. By the Auslander Buchs-
baum theorem, projdimR(R/p(n)) = 3 and we have
1− 2q2 + β2(p(n))− β3(p(n)) = 0.
Therefore, by 2.2, we have β3(p(n)) = 2q2 − 3. 
3. THE SECOND SYZYGY AND A MINIMAL FREE RESOLUTION
Let us order the generating vectors of second syzygy, and consider the
matrix
N =
[
β1 . . .βq2−1 | γ
′
1 . . .γ
′
q2−3 | α
′
| β
′
2 . . .β
′
q2−2 | α1 . . .αq2−1 | −γ | β
′
| γ
′
]
2q2×4(q2−1)
We consider the following sets of vectors:
(i) H1 = {δµ = (δ(µ,1), . . . δ(µ,4(q2−1))) | 1 ≤ µ ≤ q2 − 2}, where
δ(µ,µ) = x4;
δ(µ,µ+1) = −x2;
δ(µ,(3q2−6+µ)) = −x1;
δ(µ,(3q2−5+µ)) = x3;
δ(µ,i) = 0, for i /∈ {µ, µ+ 1, (3q2 − 6 + µ), (3q2 − 5 + µ)}.
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(ii) H2 = {ξ = (ξ1, . . . , ξ4(q2−1))}, where
ξ1 = x
2
2;
ξ2q2−3 = x2x
2
4;
ξ4q2−7 = x1x
2
4;
ξ4q2−6 = x
3
4;
ξ4q2−5 = −x1;
ξ4q2−4 = x3;
ξi = 0, for i /∈ {1, (2q2 − 3), (4q2 − 7), (4q2 − 6), (4q2 − 5), (4q2 − 4)}.
(iii) H3 = {ζ = (ζ1, . . . , ζ4(q2−1))}, where
ζq2−1 = x1;
ζq2 = x4;
ζ2q2−3 = x3;
ζ2q2−2 = x2;
ζ4q2−6 = x1;
ζi = 0, for i /∈ {(q2 − 1), q2, (2q2 − 3), (2q2 − 2), (4q2 − 6)}.
(iv) H3 = {η = (η1, . . . , η4(q2−1))}, where
η2q2−4 = −x1;
η3q2−6 = −x3;
η3q2−5 = x
2
2;
η4q2−5 = −x4;
η4q2−4 = x2;
ηi = 0, for i /∈ {(2q2 − 4), (3q2 − 6), (3q2 − 5), (4q2 − 5), (4q2 − 4)}.
(v) H4 = {κµ = (κ(µ,1), . . . , κ(µ,4(q2−1))) | 1 ≤ µ ≤ q2 − 4}, where
η(µ,(q2−1+µ)) = −x1;
η(µ,q2+µ) = x4;
η(µ,(2q2−3+µ)) = −x3;
η(µ,(2q2−2+µ)) = x2;
η(µ,i) = 0, for i /∈ {(q2 − 1 + µ), (q2 + µ), (2q2 − 3 + µ), (2q2 − 2 + µ)}.
Theorem 3.1. The set H = H1 ∪H2 ∪H3 ∪H4 is a minimal generating set
of the second syzygy module of p(n).
Proof. Let us define the matrix,
P = [δ1 . . . δq2−2 | ξ | ζ | η | κ1 . . .κq2−4]4(q2−1)×(2q2−3) .
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The matrix
N =
[
β1 . . .βq2−1 | γ
′
1 . . .γ
′
q2−3
| α
′
| β
′
2 . . .β
′
q2−2
| α1 . . .αq2−1 | −γ | β
′
| γ
′
]
2q2×4(q2−1)
is the one which has been defined at the beginning of this section. It is
easy to check that N · P = 0. Therefore, elements of H are elements of
the second syzygy module. Let M2 denote the second syzygy module of
p(n). We claim that, H ⊂ M2/mM2 is a linearly independent set, where
m = 〈x1, x2, x3, x4〉. We proceed in the same way as in 2.2, considering the
expression
q2−2∑
µ=1
pµδµ + qξ + wζ + sη +
q2−4∑
j=1
tjκj = u (say),
where pµ, q, w, s, tj ∈ k for 1 ≤ µ ≤ q2−2, 1 ≤ j ≤ q2−4 and we compute
linear terms in each coordinate of u. If we compute the linear terms in u1
we get p1x4, hence p1 = 0. Next we compute the linear terms in u2 and we
get −p1x2 + p2x4. We have −p1x2 + p2x4 = 0, hence p2 = 0. Proceeding
like this, we observe that all the coefficients are zero and therefore H is a
part of minimal generating set ofM2. Since the third betti number is 2q2−3
and | H |= 2q2 − 3, we conclude that H is a minimal generating set of the
second syzygy module. 
Corollary 3.2. A minimal free resolution for the ideal p(n) in the polyno-
mial ring R = K[x1, x2, x3, x4] is
0 −→ R2q2−3
P
−→ R4(q2−1)
N
−→ R2q2 −→ R −→ R/p(n) −→ 0,
where
P = [δ1 . . . δq2−2 | ξ | ζ | η | κ1 . . .κq2−4]4(q2−1)×(2q2−3)
N =
[
β1 . . .βq2−1 | γ
′
1 . . .γ
′
q2−3
| α
′
| β
′
2 . . .β
′
q2−2
| α1 . . .αq2−1 | −γ | β
′
| γ
′
]
2q2×4(q2−1)
.
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